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The paper deals with the practical evaluation of multiple binding equilibria of macromole-
cules and different ligands competing for the same binding sites. The necessary formalism is
reviewed and set up for the equilibria involving a macromolecule with various classes of in-
dependent binding sites and/or a class of cooperative sites and up to three different ligands in
competition for them. In particular, it was necessary to extend the Hill approximation to treat
simultaneous competition for cooperative as well as independent binding sites, while earlier at-
tempts are shown to be inadequate.

Criteria are developed for a qualitative analysis of complex binding patterns using the
Scatchard-plot of the experimental data in order to obtain a model of the binding structure and
an adequate set of input parameters for the numerical analysis. Numerical examples refer to the
binding of calcium and magnesium to the sarcoplasmic reticulum as studied by competitive re-

placement of manganese ions [3].

Introduction

Important biological problems are often connect-
ed with the investigation of multiple equilibria and
the determination of their chemical kinetic param-
eters involved in the binding of macromolecules
with a variety of ligands competing for the different
types and numbers of binding sites. In order to eval-
uate the relevant kinetic parameters, ideally, the
binding of each ligand should be studied separately,
followed by investigation of the mutual competition
for each class of binding sites. However, in many
cases this procedure cannot be applied, for instance
when removal of tight binding ligands from a ma-
cromolecule of interest turns out to be impossible.
As an example, we refer to the complicated ionic
binding pattern of the calcium and magnesium de-
pendent ATPase of the sarcoplasmic reticulum [1,
2] for which we reported earlier [3] the results of an
analysis of the competitive binding of manganese,
calcium and magnesium ions to at least four classes
of binding sites.

The purpose of this paper is a more detailed de-
scription of the numerical and analytical means em-
ployed in the evaluation and their critical discus-
sion.
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The particular problems concerning the sarcoplas-
mic vesicles arose because

1. the naturally occurring calcium and magnesium
cannot be removed fully from the tight binding
sites;

2. the binding sites are not independent of each
other but include a class of cooperative binding
sites.

Although general mathematical descriptions for
multiple binding patterns are available and will be
referred to, the analysis of simultaneous competi-
tion for cooperative and independent binding sites
has not been carried through to an applicable nu-
merical procedure. This represents the principal
aim of the present paper together with a critical
analysis of the cooperative model used.

1. Representation of experimental data

In order to obtain binding constants from experi-
mental data in kinetic equilibrium studies it is most
common to represent the data in form of the Scat-
chard-plot [4]. When X is the number of ligands
bound per macromolecular unit and x the concen-
tration of free ligands, X/x is plotted as a function
of X.

It seems well established and will also become ob-
vious from the specific example discussed in this
paper that the Scatchard plot is most suited for a
qualitative evaluation of the experimental informa-
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tion. This applies in particular to the determination
of the number of relevant binding classes and the
distinction of independent and cooperative binding
sites. Alternative representations are usually less
sensitive to these particular features. With the same
argument the Scatchard-plot renders most efficient-
ly an initial set of input parameters for quantitative
evaluation of the data. In addition, usually the
qualitative analysis is a necessary prerequisite to
choose the suitable formalism and numerical strate-
gy for an optimization procedure.

On the other hand we would like to stress the
problems connected with a quantitative determina-
tion of binding parameters from Scatchard plots,
which have often been overlooked.

As pointed out by many authors [e.g. ref. 5] the
error in the plotted quantities X/x and X is not pro-
portional to the error in the experimental quantities.
For instance, when the total ligand concentration
X, the concentration of free ligands x and the con-
centration of macromolecular units My are the ex-
perimental variables as it is the case in typical EPR

data are evaluated simply by using Scatchard-plots
or those in which special features of Scatchard-plots
are derived.

I1. General formalism

For the mathematical description of multiple
equilibria we use the formalism given by Wyman
[6] which renders compact relations that can be
easily extended to treat the situation when various
ligands compete for the same binding sites.

In the following we consider a macromolecular
unit M with

g binding sites for ligand X,

r binding sites for ligand Y,

s binding sites for ligand Z.

When the interaction among binding sites on dif-
ferent macromolecules can be neglected the numbers
X, Y, Z of bound ligands X, Y, Z per macromole-
cule can be written (see ref. 6) as

binding studies, the relative mean square error be- = g (]n_Aﬁ) (2a)
comes dlnx ]
X
o) I \2/4x\ 1 \?/AX1\® [AMz5\?
— == 1+ —\ [—) + {1+ - + . (1)
X X X X XT MT
. MT— MT—
X X X
X . .
Therefore, when Mp-—>1 is not fulfilled any- P M
X = T
more, the relative error of X/x depends also on = dlny (ln MO)’ (2b)
X
1/ My-— and increases with it. Hence, the data P M
po — T
. . L= In — 2
points in a Scatchard-plot cannot be considered Jdlnz (n MO) g

with equal statistical weight as done in a graphical
analysis. A typical example is given by Klotz [19].

In this paper the Scatchard-plot is used through-
out for the representation and description of both
experimental and numerical data; it is also used for
a first stage qualitative evaluation rendering the
binding pattern and initial parameter set of the
numerical fitting procedure using the formalism de-
scribed in the following.

We want to emphasize that the Scatchard-plot is
often used in biochemical research and that there-
fore the present paper is not the only one dealing
with this topic (see e.g. [20, 21]). However, it seems
not reasonable to revue all publications in which

M, is the concentration of ligandfree macromole-
cules, M the total concentration of M and x, y, z
are the activities of the ligands X, Y, Z.

Now we consider the macromolecule to have dif-
ferent but independent binding classes, i.e. the bind-
ing of the ligands X, Y, Z to one binding class is not
affected by their binding to another class.

The probability w; of finding macromolecules for
which the binding sites of the i binding class are
unoccupied equals their concentration Mg; normal-

MOi
Mo
=fi(x, y, z). Correspondingly, the probability w of

ized to the total concentration My, ie. w;=
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finding totally ligandfree macromolecules is given

M, P
by w=ﬁ. Because of the postulated statistical in-
T
dependence the probability w is given by the pro-
duct of the individual probabilities w;, namely

n
w= || wi. Therefore, the relative concentration of
i=1
totally ligandfree macromolecules relates to the in-
dividual M; by

vl

In the followmg it is advantageous to treat specific
binding patterns which were chosen here with the
specific applications [3] in mind.

fo(’c »,2). 3

III. Examples of binding patterns

I11.1. Independent binding sites

k, I, m may denote the association constants for
the equilibrium of binding between a macromole-
cule with a single binding site and the ligands X, Y,
Z. For the relative concentration of ligand free
macromolecules we have [7, 8]:

M

—M%=l+kay+mz. (4)
This is easily extended to the case of different
classes of independent binding sites, independent
within the class as well as among the classes. With

the intrinsic constants k;, 4, m; within the i class
successive application of Eqn (3) renders
My 2> N
_T= H H (1+kix+/iy+miz)j
M, -1 -1 5
(5)
p
=[[ Q+kix+Ly+m2)™.
i=1
N; is the number of binding sites in the i'® class

while p gives the number of classes.

In order to obtain the concentration X, Y, Z of
bound ligands per macromolecule M we have to ap-
ply operation (2) on Eqn (5). For X we obtain for
instance

_ 0 M 2 N; k;
X= (]n—T = ¥ = '
Jlnx M, o1 1+kix+Ly+m;z

(6)

a) Independent binding in the absence of
competing ligands

In the absence of competing ligands (y, z=0)
Eqn (6) renders for the quantity X

Ni ki x

D
F= 2 Trhx g
X
d_
x
and for the slope ix in the Scatchard-plot
X p k2
4= 3 N; ki
x 1. Y_/\_/d_x __i= (1+k; x)? g
dX X2 ’ dX/ - Zp: Niki ()
i—1 (1+ki x)*
X
d_

For x =0 the quantity d;’ is less than nought and

in the Scatchard-plot we obtain a curve with a nega-
tive slope throughout. For a single binding class
(p=1) Eqn (7) renders the well known linear rela-
tion

X _
—=k(v-5. )

From the intercepts of abscissa and of ordinate and
from the slope at these points one obtains some re-
lations between the quantities N; and k; which are
summarized in TableI (a,=1). These expressions
can be simplified in the following manner. By
choosing a suitable permutation of indices it is al-
ways possible to arrange the binding constants k; in
such a way that k;= k;+; holds. If the condition

D
N, k,> k, > Nj is fulfilled, the slope at the inter-

i=2
cept on the ordinate is given by
X
d —
=] -k (10a)
dX/ xo .

The slope at X=0 can be used as first estimation of
k, even when the above condition does not hold
strictly. At the intercept on the abscissa the slope is
given by

X P
d’_ ZNI
X =
o (oo
&0 z i

[
o
=
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Table I: Characteristic features of Scatchard-
plots: intercepts of coordinates and initial
slope at the ordinate crossing for the binding

Hill co- Intercept Intercept Initial Slope _
efficient @, of ordinate of abscissa  at abscissa origin (X=0)
e
P P z Ni kf
2,=1 3 Nk SN -
i | Ll | Z Niki
i1
P P
1<!11<2 ZNiki ZN, — 00
i=2 i=1
D
i , N, k= 2 Niki
i=2
D
1 » z Niki
a,>2 > Nik; Y N — ‘:27
i=2 Lok | z Ni ki
i=2

of the ligand X to a macromolecule with one
class of cooperative binding sites and (p—1)
classes of independent sites. a, is the Hill-co-
efficient of the cooperative class. N; is the
number of binding sites, k; the associated
binding constant of the it" class.

p—-1
For ky/N, < k,_1/ Y. N; Eqn (10b) becomes
i=1
4 X
: L3

P

= 10c
dX %—»0 Np =1 : )

Even when the above condition is not fulfilled, ex-
pression (10c) renders a first approximation for k,/
N, where N; is obtained from the intercept on the
abscissa (Table I).

When no competing ligands are present, the state-
ment about the negative slope in the Scatchard-plot
can be extended such that an experimentally deter-
mined positive slope is incompatible with the exis-
tence of only independent binding sites.

b) Independent binding in the presence of
competing ligands

The question arises as to how these statements are
modified by the presence of competing ligands Y
and Z. Although no analytical expression is avail-
able for X/x as a function of X in the general case,
one finds for the important case of a single binding
class of independent sites:

(Yt and Zy are the total concentration of the ligands
Y and Z.) Equation (11) can be obtained easily by
combining the appropriate expressions for X, Y and
Z. This is shown in appendix A. Eqn (11) tells us
that even when Yp/Mr and Zy/Mr are kept con-
stant the function X/x =f(X) is dependent on the
macromolecular concentration My. Therefore dif-
ferent concentrations M result in different curves
in the Scatchard-plot.

Even in the presence of competing ligands the
slope remains negative in the Scatchard-plot as long
as the concentrations Yr, Zp and Mg are not
changed. Since the proof of this statement is rather
lengthy, it is presented in appendix B.

I11.2. Cooperative as well as independent binding sites

Cooperative binding has been treated with a va-
riety of formalisms [9 — 15] originating from differ-
ent models of cooperativity. If a plausible model for
the specific case under consideration does not exist,
homotropic cooperativity is best described by the
Hill-approximation [9], mainly because it requires
only one additional parameter, the Hill-coeffi-
cient a.

YT ZT
. L == m, ——
£ P . T Mo =k, (N,-X) (11
x 1 L 1 o mXx | '
MT klx MT kl.\'
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It turns out that the extension of the Hill-approxi-
mation is not trivial when different ligands compete
for the same cooperative binding sites. It seems a
reasonable simplification when the binding of steri-
cally similar ligands is described by the same Hill
coefficient « even if quite different binding con-
stants k, / and m have to be used [14].

Even with this assumption the application of the
Hill-approximation is not straightforward. Incon-
sistent relations have been derived as we will show
below explicitly for the result of Danchin [16]. In
order to obtain a correct expression, we generalize
the results of Haldane [17] as established for the
competition of O, and CO for the cooperative bind-
ing sites of hemoglobin. One has to use only one
fundamental result which may be formulated as fol-
lows [7]:

When hemoglobin is exposed to a mixture of car-
bon monoxide and oxygen, the relative amounts of
the two gases which combine are given by the rela-
tion

HbCO/HbO, = apCO/p0, . (12)

When Y stands for CO and X stands for O,, then in
our notation expression (12) is equivalent with

Y/X=ay/x. (13a)

The factor a is the so-called partition coefficient
which is independent of the concentration of CO,
0O, and hemoglobin. When one assumes that Eqn
(12) holds likewise for a mixture of three competing
ligands and when one defines a second partition co-

efficient b by
Z/X=bz/x. (13b)

One obtains applying Eqns (2) and (13)

which holds for all values of x, y and z. Therefore
the function Mr/M, is that which describes the
equilibrium in the presence of only one ligand.
Using the expression for Mt/M, which corresponds
to the Hill approximation X= N (kx)*/(1+ (kx)%),
namely

MT N
=(1+kx)*)= 16
g~ (1 (k") (16)
one obtains with the definition /=ka and m=kb
M
VT=(1+k"‘(x+ay+bz)“)g
0 (17)

= (1+ (kx+ly+mz)9)5.

For p classes of cooperative binding sites Eqn (17)
can be generalized when the binding within each
class is independent of the binding in the other
classes
M L .
T_ [ A+ (kix+hy+miz)™) & .
=1

(18)

0
For a;=1 the relation (5) for independent binding
sites is obtained again.

At this point it is meaningful to restrict the
further discussion to two special cases of biological
relevance, particularly in the present context [3]. We
will consider first the binding of a ligand X to a
macromolecule having one class of cooperative and
up to two classes of independent binding sites. Sec-
ondly we will treat the same binding pattern in the
presence of up to two competing ligands Y and Z.

I11.3. Binding to a macromolecule with one class of
cooperative sites and two classes of independent sites

a) Absence of competing ligands

My My My
1 Jdln M, x,».2) I 61n—A70(x,y,z) ) 61n70(x,y,2) (142)
X Jdlnx ay Jdlny bz dlnz
or
M M M
61n7:(x,y,z) ) Jdln M: (x,,2) ) Jdln M: (x, 3 2)
0x day B 0bz (14)

The solution of Eqn (14b) is

MT MT
_—(X’y,z) ==

+ay+
M, M, (x+ay+bz) (15)

In this paragraph we will consider he binding of a
ligand X to a macromolecule with one class of co-
operative sites (a;=a> 1, k,, N,) and two classes of
independent sites (a,=a,=1, k,, k,, N,, N,) when
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no competing ligands are present (y, z=0). Applica-
tion of Eqn (2) to the general relationship (18) leads
to the solution

Nl(klx)’ = Nikix

* 2

X= .
l+(k1.x)1 i=21+kix

(19)

Typical Scatchard-plots derived from (19) for vari-
ous sets of parameters are presented in Fig. 1.

A different analysis of the first term in Eqn (19)
in terms of axis crossing and initial slope in the
Scatchard-plot is given in TableI for the various
ranges of Hill coefficients. Using Eqn (19) the slope
in the Scatchard-plot is given by

N kA x*"2(a—1-k%x%) & Nk}
(1+ k2 x*)? =5 (1+kix)?

o

5-10%

_ 20
aN ki 3 Niks 2

(l+kix1)2 i=2(1+kix)2

il = |

The slope is negative for a—1 =k x*. (Here and in
the following we consider only the meaningfull case
that x=0 and, when not stated otherwise, that all
constants N; and k; are greater than zero.) When a
concentration x exists such that the denominator in
Eqn (20) becomes more than zero, then the slope
becomes positive and because of the continuity of
the function X/x=f(X) one finds a relative maxi-
mum in the Scatchard-plot. This is always the case
for 2> a> 1, independent of the individual N;’s and
ki’s, and likewise for a=2 when the condition N, k?

P
> EZNik? is fulfilled (see Table I). For a > 2 the ini-

tial slope is always negative (Table I) and dependent on
the relative magnitude of the constants N;, k; and a
there is no relative maximum or a relative maxi-
mum and a relative minimum in contrast to the case
of a <2 where one finds a maximum only (Fig. 1).

Fig. 1. Scatchard-plots for the binding of ligand X to a ma-
cromolecule with one class of N,=3 cooperative binding
sites and two classes of independent sites with the binding
parameters: N,=1, N,=10; k,=2x10* M7, k;=1x10* M~".
The plotted quantities are given by the experimental ob-
servables: X, the number of bound ligands X per macro-
molecular unit and x, the activity of ligand X.

a) Influence of the Hill-coefficient a, as variable parameter
with fixed cooperative binding constant: k,=1x10*M™.
————— a,=3.0;, —- a,=2.5, —— a,=2.0;
———e— =15 e a,=1.0.

b) Influence of the binding constant k, as variable param-
eter with fixed Hill-coefficient a, = 3.

k,=5x104M"Y;  ceeeeeens k,=1x10* M
_______ k,=3x10° M, ——k,=1x103 M
—— k,=1x10*M7\
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Fig. 2. Replacement of ligand X in its cooperative and in-
dependent binding sites by competing ligand Y as repre-

X -
sented by Scatchard-plots < f(X) for a set of fixed

values Y7, the total number of ligands Y added per macro-
molecular unit. Yo/Myr=0; — —— Yo/My=1,;
————— YT/MT=3; S YT/MT=5.

The numerical examples refer to the following binding
pattern and binding parameters:

Binding Type Number Hill Binding Binding
class Niof  coeff. const. const.

sites a: kiM™] LMY
of ligand X of ligand Y
1 coop. 3 3 8.5x10° varied
2 indep. 1 1 2.3x10* varied
3 indep. 31 1 3.4x10? 3.4x10?
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Cooperative binding does not result necessarily in
the occurrence of a relative maximum in the Scat-
chard-plot, because for any given N,, k,, x it is pos-
sible to choose a set of Ny’s and ki’s in such a way
that the denominater in Eqn (20) is less than
nought. But as stated before the occurrence of re-
gions in the Scatchard-plot with positive slope is in-
compatible with independent sites only.

Another characteristic feature of (19) is found
with the variation of the Hill coefficient. All curves
have a common point for x=1/k,.

b) Presence of one competing ligand

In the following we will deal with the binding of
ligand X to a macromolecule with one class of co-
operative sites (@,=a>1, N,, k,, /,) and two classes
of independent sites (a,=a,=1, N,, k,, I,, N, k5, )
when one competing ligand Y is present (y=0,
z=0).

Analytical expressions can no longer be found for
quantities that can be plotted, rather the system of
Eqn (2) obtained from the Ansatz (18) has to be
solved numerically for X and Y. A suitable method
is the Newton-Raphson technique [18] applied to
the equations for X and Y.

~ Nk,x(kx+lLy* 1t 3
1+ (k,x+1 p)*

Nikix
,-=21+kix+liy

(21a)

Niliy
i=21+kix+liy ’

V_ Nllly(k1x+11y)a_l 3
1+ (k, x+1, y)*

(21b)

Among the various alternatives for plotting the nu-
merical and experimental results we have chosen
the Scatchard-plot for the ligand X while the varia-
tion of the concentration of the competing ligand Y
1s restricted to a set of fixed parameters of the total
ligand concentration Y. This choice has been dis-

The sequences of figures demonstrates the change in the
Scatchard-plots when ligand X is replaced by ligand Y in
various typical situations:

a) equal binding constants: k;=/; b) ligand Y has higher
affinity than X for strong independent binding sites
(class 2): [,=10%k,, otherwise: /,=k,, l,=k,; c) ligand Y
has lower affinity than X for class 2: /,=107* k,, otherwise
like b); d) ligand Y has higher affinity than X for coopera-
tive binding sites (class 1): /,=10% k,, otherwise: /,=k,,
l,=k,; e) ligand Y has lower affinity than X for class 1:
[,=107% k,, otherwise like d).
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cussed in somewhat more detail in ref. [3, 8]. The
advantage of this representation is that it allows to
be an easy qualitative analysis of the experimental
data in order to derive the appropriate binding pat-
tern and an initial set of binding parameters for the
numerical analysis.

Fig. 2 presents examples of characteristic features
in the Scatchard-plots associated with particular
sets of binding parameters as found to apply in the
experimental investigation reported earlier [3]. For
instance, it is quite clear that the relative maximum
due to the cooperative binding class moves towards
X=0 with increasing concentration Y of the com-
peting ligand when the cooperative sites become oc-
cupied by competing ligands before the indepen-
dent one (Fig.2a, ¢, d). On the other hand, the
position of the maximum remains essentially un-
changed when the competing ligand occupies pri-
marily the independent sites (Fig 2b, e).

IV. Discussion

1V.1. The mathematical framework

For fitting the experimental data a suitable ma-
thematical formalism must be available. Whereas
its derivation is straightforward for the case of in-
dependent binding, even in the presence of com-
peting ligands, some difficulties arise in the case of
competition for cooperative binding sites.

When extending the Hill-approximation for vari-
ous competing ligands one must not ignore that it is
only an approximation. As pointed out in chapter
IIL.2. one has to make some assumptions about the
type of competition, for example the validity of
Haldane’s law, which is experimentally verified for
hemoglobin. With this assumption it is possible to
derive the correct equations by applying relation
(15) to the Hill-approximation. We would like to
stress, that relation (15) can be applied to any ex-
pression which describes the binding of only one
ligand to cooperative sites and that no more as-
sumptions are necessary, for example that the Hill
coefficients are the same for all competing ligands.

In the more recent literature one finds an exten-
sion of the Hill-approximation which differs re-
markably from ours [16]. Unfortunately the author
gives only a formula without showing the deriva-
tion. Assuming that the Hill coefficient a equals the
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number of cooperative sites N and that it is un- of relations (22) and (24), respectively, can be check-
changed for both competing ligands, he obtains an ed by the following simple procedure:
expression which is in our notation,
/\7 N\ N
)
X

kN/\‘/N—I

/\7 N
(?) 1+/N \Yo— My (N-X) + =kN(N-X)XN-1, (22)

When neglecting the fact that the Hill-approxima- Suppose X and Y be two types of ligands which
tion is only an approximation, one can derive cannot be distinguished with respect to their bind-
Eqn (22) in a manner which seems convincing. ing to a macromolecule. All relevant binding param-
From Eqn (19) one obtains for the case of only co- eters should be equal for each of the ligands. Due

operative binding with a;=N, and Yr=0 (N,= tosymmetry requirements the relation holds:
N,=0). _ _ =
= —_ X (x,,0) =X (x5, y9) + ¥ (%o, 1) (252)
- X
N=—— (23a)  with x,=x,+Y,, X,, J, arbitrary.
1+ (kx)
For x,=y, one finds
or _ l =
_ My X(XO’yO)z?X(XI’O) (25b)
N
JeN= T (23b)  and using the Hill-approximation:
(MT—Yﬁf)xN _ 1 I NANxY
X (X0, o) =7X(x1, 0) = PR (25¢)

Analogou;ly one obtains for the ligand Y in absence With condition (25¢), Eqn (22) results in
of competing ligands

i -6
pMr - (=] —(=] &N+
Y—r 1
N 2 2
P (23¢)
(M _)_,MT)yN o s U R A
T N E MTNHTNX?I‘F?,\I =0 (263)

These equations may be interpreted as a description and Eqn (24) results in

of an equilibrium between macromolecules with all o[ N
binding sites occupied, ligandfree macromolecules 1 NKENxN Nk (‘5 "1)
and free ligands in the absence of competing li- > 1+kNxIN = " 5 l S
gands. When both ligands X and Y are present si- : 1+ kN (_ -\'1) 4+ kN (_ -Vl) (26b)
multaneously, one has to substitute in Eqns (23b) 2 2

and (23c) as concentration of ligandfree macro-  gong (264 and b) should be true for alle sets of val-
molecules the expression (Mr—X Mr/N—YMr/N)  yoc p X,, Mr. This cannot be fulfilled in general

B};tcombining the new equations one obtains as re- ;4 therefore the solutions (22) and (24) cannot be
su

valid.
_ N kN xN It is verified immediatly that the symmetry re-
X EEEY L (242)  quirement (25) is fulfilled for our solutions given in
chapter III. for cooperative binding.
and We tried to evaluate our experimental data we
_ N INyN obtained for the binding of Ca**, Mg** and Mn** to
Y=W . (24b)  sarcoplasmic vesicles [3] by using a generalisation of

Danchin’s formalism which admits also Hill coeffi-
After some algebra, Eqn (22) given by Danchin [16] cients less than N as well as the formalism (21). As
can be obtained from Eqn (24 a, b). The consistency expected, we did not obtain a satisfactory fit of our
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data, when describing the competition for coopera-
tive sites by Danchin’s formalism. Using relation-
ship (18) we were able to fit all data within experi-
mental error, as shown in ref. [3].

1V.2. Practical aspects

As mentioned before the quantitative evaluation
of complex binding patterns can only be achieved in
general by using a suitable computer program. The
efficiency and reliability of the optimalisation pro-
cedure can be increased considerably, when before
starting as much information as possible is available
about the type of binding, the number of binding
sites and the magnitude of the corresponding asso-
ciation constants. This information can come from a
first analysis of experimental data by use of the
Scatchard-plot.

a) Binding in absence of competing ligands

When no competing ligands are in the macro-
molecular solution a positive slope in the Scatchard-
plot tells us that we have to consider cooperative
binding sites (chapter III.1.) When the slope is nega-
tive throughout, it does not imply that only in-
dependent binding sites exist, but several important
cases are to distinguish:

1. When the plotting of data results in a straight line
one has to assume one class of independent bind-
ing sites.

2. When the plot of data does not result in a straight
line, the macromolecule may have different
classes of independent sites and/or of negatively
cooperative sites. In this paper we did not deal
with negative cooperativity, but nevertheless by
using a Hill-coefficient a < 1 all equations we de-
rived for positive cooperativity can be applied for
describing negative cooperativity. It is readily
seen from Eqn (20) that for negative cooperativity
one obtains a curve with negative slope through-
out in the Scatchard-plot.

3. In the presence of tight independing sites coope-
rative sites with medium affinity do not yield a
curve with positive slope.

When no other indications suggest the existence of
cooperative sites and when the slope in the Scat-
chard-plot is negative throughout the most reason-
able procedure seems to assume first that only in-
dependent sites are present in the macromolecule.

The situation changes when additional information
indicates the possible existence of cooperative sites.
A method for obtaining such informations is e.g. the
use of analogs, which bind to the same sites, but
with different relative affinities.

When the number and the type of binding classes
are determined, the slope and the intercepts of axis
can be used for a first approximation of the number
of binding sites and of the magnitude of the binding
constants (see e.g. Table 1).

b) Binding in the presence of competing ligands

As long as the concentrations of competing li-
gands and of macromolecules are kept constant, the
above statement holds, i.e. that a positive slope can-
not be explained by independent binding only.

However, when the relative concentrations of
competing ligands and/or macromolecules are
changed during the titration, it is possible to obtain
a curve with a positive slope in the Scatchard-plot
even when only independent sites exist. This results
trivially from the fact that when varying the total
concentrations of competing ligands and/or of ma-
cromolecules one obtains a family of curves in the
Scatchard-plot.

Although the presence of competing ligands com-
plicates the binding pattern considerably, competi-
tion studies can be helpful in decomposing a com-
plex binding curve.

This may be demonstrated by the interpretation
of experimental results reported in ref. [3]. Here
manganese ions bound to sarcoplasmic vesicles were
replaced by magnesium in a way typified by Fig. 2¢
while competitive replacement by calcium ions fol-
lows the pattern of Fig. 2c.

These binding studies were particularly relevant
because fortunately the highest experimental accu-
racy could be achieved in the region where the co-
operative sites become occupied by the manganese
ions. In addition, the relative maximum in the Scat-
chard-plot is well pronounced because it is not
disturbed by any binding to strong binding sites.
Therefore the manganese binding is here especially
suited to a study of the binding of the biologically
relevant ions magnesium and calcium by means of
manganese replacement. Indeed, it was clear from
the results that a direct detection of the cooperative
calcium binding sites would have been impossible
as a consequence of the high affinity of the strong
independent binding sites (Fig. 3).
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Fig. 3. Binding of calcium (——), magnesium (— - —) and
manganese (— — —) to sarcoplasmic vesicles as represented
by the Scatchard-plot. For the computation of the curves
the binding constants of ref. 3 are used.

Certainly other characteristic features in the
Scatchard-plots can be described for specific sets of
binding parameters using the formalism outlined
here. However, this would be of interest only in con-
nection with corresponding experimental results.

It should be emphasized how important a quali-
tative analysis of suitable plotted data can be as the
basis of a reliable quantitative analysis with a nu-
merical fitting procedure and that in this way bio-
chemically relevant parameters can be derived, even
for fairly complex binding patterns.

Appendix A

Eqn (11) may be derived as follows:
For p=1 Eqn (6) renders
o . N,k x
14k, x+ly+mz’

(272)

Applying operation (2) on Eqn (5) one obtains the
corresponding expression for Y and Z.

. Yr— N, !

Y= T _V_ 14) (27b)
My I+k,x+Ly+m,z

_ Zr— N

] L 1 @7¢)

My - l+k,x+lLy+mz’

Using 1+k,x+/Ly+m,z=N,k/(X/x) (Eqn 27a)

one obtains for /, y and m,z with Eqn (27b) and
(27¢)

¥
e
Ly = Mz (27d)
YT ONL X
MT lel X
Zr
m, —
My (27¢)
m;e=————————=.
L Nm X
MT lel X

Substituting expressions (27d) and (27¢) in Eqn
(27a) and dividing with x results in

1\7_ N, k,
X_ YT ZT
X b gy
1+k, —+ & e £ —
IS A
x My k., x My k x (271

Finally the transformation of Eqn (27f) renders
Eqn (11).

Appendix B

We want to show that for a macromolecule M
with p classes of independent sites which combines
with three competing ligands X, Y, Z the slope
d(X/x)/dX remains negative in the Scatchard-plot
when the total concentrations Yy, Zp and My are
kept constant. The slope is given by

A E A kO .4
_x__xdx xdy, xd
dX  ox dX oy dX = oz dx’ 3)
From Eqn (6) one obtains

a)?

X P le?
—_—=— : 28b
O0x z‘l (I1+kix+hy+miz)?’ e
a_

X 2 Nikili
— = ;o (280)
6y i=1(]+kix+liy+miz)2

a_

X _ i Nik;mi (28a)
0z i O+kix+hy+mz)?
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Applying operation (2) to Eqn (5) we obtain a system of equations for X, Yo/My = Y+y/My and for
Zo/Mp=Z+z/Mry. Their derivation d/dX results in

L4 Nk 1+[ + dx 2 —N,»kilix d L4 —Nkm, d
=¥ (tarame) €6, 5 Loy (28¢)
S1(+kix+hy+m;z)* dX 1 +kix+Ly+miz)? dX 2 (1+kix+y+m;z)? dx
o= i —Nilik;y df ((i Nili(1+kix+miz))+l_)d_}_)
1(I+kix+Ly+mz)? dX Z1(0+kix+Ly+m;z)? dXx
D — z s =
+ Mhrpy 4z (281
i=1(1+kix+liy+miz)2 dX
O=i —Nimjk;z dx +§”: —Nim;liz i}:_
—1(I+kix+Liy+m;z)? dx i1(I+kix+Ly+mz)? dX
+((Z mi(1+kix+1y) )+ 1 ) dz 28g)
i=1(1+kix+liy+miz)2 dX

According to Kramer’s rule the solution of this system of Eqns (28¢, f, g) renders for dx/dX, dy/dX and
dz/dX

dx Al i Zp: Nilimiz Zp: Nimi(1+kix) +L
d¥ 4 4 i1 (I+kix+Ly+m;z)? ic1(1+kix+hiy+m;z)*? My

2 lely 2 Nili(1+kix) 1
5 el
10 +kix+hy+m;z)? Z1(+kix+Ly+miz)? ] My

+

Nili(1+k;x) ” Nim; (1+k; x) 1
+ +—1). (28h)
(1+k x+y+m;z)? iz 1(l+k x+hy+miz)?) Mr
dy 4, 1 Nilikiy )(( Nm(l+kx+ly))+ )
d¥ A4 4 \\Z, 0 +kix+Ly+m;z) (I +kix+hy+miz)?) My
+< Nilim;y Nimik;z )) (281)
1 (M+kix+hy+mz)? ) \( T W +kix+Ly+m;z)®
dz 4, 1 Nilikiy )(i Nimjiliz )
dX A4 4 ( =1 (M +kix+Ly+m;z)? — (M +kix+hy+mz)?
-m: ks P
. Nim;k;z ) ((Z Ni (14 ki x +my; z))+ )) 28))
1 +kix+Ly+mz)? Z1(l+kix+Ly+miz)*] My
A is given by
2 Nik; L3 Nl 1
A=A + A S
1(i§1 (l+kix+[iy+miz)2) ’ ((igl (]+kix+liy+miz)2) MT)
2 Nimi 1
+4 +—. 28k
3((*;;1 (1+kix+[iy+miz)2) MT) (281

From Eqns (28a), (28b—d) and (28h—k) follows the above assertion that the slope d(X/x)/dX is always
negative.
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